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I. Ir .troduct ion

The J~ ve1opment of posi~~ una1 number systems has a r i c h  h i s t o r y .  K n u t h

(2 , pp. 162—180] presents a recent survey noting significant contributicns

f r o m  established and acateur mathematicians. Although bases such as 60

and  12 were  used in a n t i quity, most of the  a l t e r n a t i v e s  to s t a n d a r d  decimal

r e p r e s e n t a t i o n  are of r a t h e r  recent  v i n t a g e .  Knuth  attributes to Pascal

(Ca. 1660) the f a c t  t h at  any pos i t ive  ttteger could serve as base.. Positional

number systems with negative d igits were introduced in the earl y 1800s and the

architecturally interesting pure balanced ternary system first appeared in an

article of Lalanne (3) in 1840.

—~The use of a nega t ive base did not appear until the 1950s when several authors

independently Introduced the concept ~4.2-,-—p 171~~~ Complemen t represen ta t ion

H also became much discussed in this period as an alternative to sign magnitude

for designing the arithmetic unit of a computer . - . The arithmetic of num-

bers represented in pcsitiona l notation has a fir~’ foundation .141 derived from

• ‘ the theory of polynomial arithmetic that readily allows these extensions to

negative bases and/or negative digit values, complement representation , and

digit values in excess of the base. Our primary concern in this paper is the

characterization and cornputation of those integral valued base and digit set pairs

that provide complete and unique finite radix representation of the integers.

In sect ion II we in t roduce  the integer radix representation system ~ 1
[B.~D) as

the set of radix polynomIals  in the in teger  valued base 3 with coefficients from

the finite set of allowed integer dig it values D, where 0 c D. Thus

P 
~
. P1[3,D] Implies P d ($1

m
+d

1
(bl

m
~~ + ... + d~ , where d1 e D for 0 < i

It is stressed that ~ 1(~~,D] is a set of polynomial expressions , not real numbers ,

to afford a proper treatment of redundant representation . The digit set D is

__________________________ ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~
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then defined to be basic f&~r ba se ~ if the members of tP1
[8 ,D) are , through

evaluation , in one—to—one correspondence with the integers. For D to be a

basic digit set for base ~ we f i r s t  ‘.h~’w the n e c e s s i t y  t h a t  D be a comp le te

residue system modulo I~l , and secondly  the necessity that D contain no non—

zero multiples of 3—1. When D is basic for base 3, it is noted that the

n—dig it base ~ numbers with digits f r o m  D then evaluate to a set of in tegers

that must constitute a basic di git set for base 8~ , hence , by the former state—

ment., be f r e e  of n o n — z e r o  m u l t i p les  of 3~l ’.l. Our major  r esu l t  is then the

sufficiency of the above conditions st.~ted as a fundamental characterization

theorem: b is a basic digit set for base 3 if and only if D is a comp lete

residue sys tem modulo ~~ with 0 c P where the n - d i g i t  base S numbers with

digits from P contain no non—zero multiples of &“-l for any n > 1.

For the base B and digit set D which is a complete residue system modulo 1 3 1 ,

we discuss in section III a simple computational procedure for determining the rad ix

polynomial P £ ~ 1[8,D) of value I when such a P exists. Furthe~~ore, we show

that the degree of such a P can grow at most logarithmically with I and lin-

early with the ratio of the maximum digit magnitude to the base. A simp le compu—

t at iona l  procedure to confirm whether or not a given digit set D is basic for

base B relying on the computation of representations for a small set of integer

values is presented , y i e l d i n g  the resu l t  that the determination of whether  or not

the d ig i t  set D is basic fo r  base B can be accomplished in

+ m a x {( d I  d C D ) / l B I ) .  The dig it al  digraph is in t roduced  to i l lus t ra te

the computational procedures of radix representation determination and basic di git set
confirmation.

Specific classes of basic digit sets are described in lv. For the base B,

if the digit set D has no digit value with magnitud e exceeding I~ l —i , then

D is shown to be basic 1ff D is a complete residue system with —l and 1

in D for 
~ 

Ini, or with —1 or 1. in D for B — I D I . Thus there are

_ _ _
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such basic digit sets for 6 > 3 , and 3 ~ ~~~~~~ such  bas ic  digit

sets for 6 ~ —3. Re sults of de lru ijn on alternati ng dig it bina ry repre—

sentati ori (I] effectiv ely es:  ~b1ished the existence f an inf inite cla ss of

bas ic  d i g i t  s e ts  f o r  base 4 w h e n  t h e  ~-~.iximum digit magnitude is allowed to be

large r than the base. We describe an infinite class of basic digit sets for

every  p o s i t i v e  and n e g a t i v e  base 6 fo r  1 6 1  3.

Then in section V we consider the infinite precision radix representation system

~‘(6 ,DJ for bases B and digit sets D where the radix polynomial P is in

~‘ ( B ,DJ if and only if

P d (3J ~ + d ( 3 ) m l  + ... + + d
0 

+ d 1( B ]  1 + ..., d .  c D for i ~ m.

If D is a basic digit set for base 8 , then we show that every real number

x has a representation ine [B ,D], although this representation may not be

unique. Regarding redundancy of infinite precision representation the following

is obtained . For the digit set D which is basic for base 6 , let S be the

set of real numbers with redundant infinite precision representations. Then:

(i) S is at least countable and can be uncountable ,

(ii) x c S can have more than two but at most a finite number of

representations in ~~~[B ,D],

(iii) S can contain no I B I— ar y number , i.e. no number x of the form

x i8’~ for any intergers i,j.
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II. Radix ~~ 2r o s e n t a t  Ian  at the_Integ~ rs

For a given integral base 6, we seek those  set s  P of integral va lued  d~~gt t s

for which —.t andard base ~3 radix represent ation using di gits tram D p r o v i d e s

a unique representation for every integer. A brief review of radix polynomial

terminology ~rom ~~ i s  hel p f ul.

Let Z be the integers. :\ pol ynomial over Z in the ludeterminant x is a

formal expression

(I) P(x) a x
m 
+ a 

1
x
m 1 + + a 1x+a 0, a . c 2 for 0 < i <

-.~hore either (i) a ~ 0 and m is the degree ~f P(x) , or (ii) a. 0 for all

I ‘ 0 and P(x) — 0 is the zero p o ly n o m i a l  which is taken to have degree

negative Infinity. Fc~r radix representation , a base B is a positive or

nega t ive  i n t e g e r  w i t h  t $ !  > 2, and a d i c i r s~~t DC is a finite set of

i n t ege r s  w i t h  0 c D. A base 8 integer radix  potvnomi~~l ever D is then

e i t h e r  the  .~oro  p o l y n o m i a l  or a pol ynomial  in 6 over  D of degree  m > 0,

i.e .

(2) P([6)) - d (6]
m 
+ d 

1
[6]

n_ 1 
+ ... + d

1
[S )  ~ d0, d . c D for 0 < I < m , d ~ 0.

Notatfonally, the br ackets are maintained about the base in ~2) to stress that

the radix polynomial is a formal expression even though the value of the base

may be expressly substituted . Hence , notatlonally,

4 [ lO] + 5 -
~ (10] + 7 ,~ 3 x (10)

2 
+ 15 (10] + 7 denotes non—identical

rad ix polynom ials ,

4 x 102 + ~ v 10 + ~ 
— x io 2 

÷ 15 x 10 + 7 denotes equal real values.

The integer radix representat ton system ~ 1
[8 ,D) Is the set of a l l  base S integer

rad ix polynomials over the digit set D.

Thus , for example , 4 x (101
2 + S x  [ 1 0 ]  + 9 is a base 10 i n teg e r  r a d i x  p o l y n om i a l

and is a member of 
~~~( lO , ( O , 1, 2 ,3 ,4 ,5 ,6 , 7 ,8 9 ) J ,  the  s tandard  dec imal  in t e ’~;e r r a d i x

r e p r e s e n t a t i on  system. The base 3 in t e g e r  r a d i x  po lynomia l
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For the base 3 and complete residue system D modulo

the base 3 chop function : • Z is defined -
,

4) ~(i) (i_ fli~~ )/3 for i £ Z.

The n-place base 3 chop function ~~~~: Z - Z is given for n > 0 by

~ (i) =

(5)
= ~ (~

nl (.)) for n > 1.

The chop function is defined on the integers ,, but its important implica-

tions for radix representation tare stated in the following lemma which

is an immediate consequence of the definitions (4), (5).

Lemma 3: Let 3 be a base and D a digit set which is a complete

residue system modulo 
~I . 

Let d [6)
m 

+ d ~31
m l  

+ • • •  + d [61-4-d e ~‘[5,D)m rn-I 1 0

have value i. Then

= d B
m k

+d 8
rn—k--~l + ... + d 3 +d ‘cr 0 -

< k <

6) in rn— i ?-~ l k — —
= 0.

The operation of the chop function is illustrated for the balanced ternary

t-iumber 1 1 0 1 1 1 1
3
= 5 18.

(519) = 518 = 518 = 1 1 0 1 1 1 1
3

(518) = (518—(—l))/3 = 173 = 1 1 0 1 1 13
(518) = (173—(—l )/3 = 58 = 1 ]. 0 1 1

3

(518) = (58—1)/3 = 19 = 1 1 0 1
3

(518) = (l9—1)/3 = 6 = i 1 0
3

- 

- (518) = (6—0)73 = 2 = 1

(518) = (2—(—l))/3 = 1 = 1
3

(518) — (l—l)/3 = 0 

, ~~-- -~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ -—-~~~~~~~ - —~~~~~~~~~ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ -- -~~~~ - :
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Lemma 4: ~~et 3 be a base .~n-i D a :amalete residue sys t em  modulo

with 0 ~
- C. Then for in~- :  -; 2 e i ther  there  is a mia L - f lum m such

t h a t  ~~
‘
~~( i )  0 f or  n in cr there  are m i n ~ ma~ t ,p c 2 such t h a t

= ~~~~~~~ ( i )  ~ 0.

Proof: For ~a x ’ f d  -~~ ~ D } ,  it  fo l lows  from (4~ t hat ~(i) 1 < f i I .
The seque nce of ~nte~ er s ~~~~~~~~~ ~~~~( i ) ,  ( i ), .. .  thu s has at mos t a

f i n i t e  number of distinct va lues  in its terms,  and the leimna fol lows .

For the base 3 and complete residue system D modulo 3 1 wi th  0 t

the bi se 3 degree of t in C for  an” I 2 is denoted by d e g( I~ whe r e

deg(~~) = — if 1 0,

(7~ d e g( i )  m i n im  ~~
1( i )  = 2-) if i 0 and ~in ( j )  = 0 for  some in ,

deg( i )  = otherwise.

Furthermore ~ cycles for i wi th  period p if i i 0 and

= min ’ n~~~ (i) = i , n 1}. :f ~ cycl es for  i w i th  period p f a r

some i , zi t 2 , then -~ is cy c l i c,  otherwise ~ is acv c l ic .

Example 1:

a) 3 = — 3 , D = {—l , 0, 91}, i = — i -  b) 3 = 3, D = { — l , 0 , 9 1}, I = —5

1
( 12) = ~ (- 12) = ( — l 2 — 0 ) / — 3  = 4 ~1(5) = 

~ (—5) = (-5-9 1) 3 =

~~~(- I2 )  = ~(4) = (4-9 1) , ’-3 = 29 ~2 (_ 5) = ~ (-32)  (-32-9k) 3 = -41

~~~ - 12) = ~ (29 )  = ( 2 9 — ( — l )  ) ‘-3 = -10 ( — 5 )  = ~(-4l) (-41-91), 3 = -44

(-12) = ~ (—10) = (—10—(-l)) ‘-3 = 3 ~~ (~~5) = ~ (-44) = (-44-91) 3 = -45

= ~ (3) = (3—0) /-3 = —l ~5(_5 = ~ 
( -45 )  = (-45-0) 3 = -15

= ~ (-I) = (-1- (—1)) / -3 = 0 ~
6(S) = 

~ (-15) = (—15-0) ‘3 = -~~

Th us d e g (— 12 )  = 5 , and the radix poly— Thus ~ cycles fo r -
~~ with period 6.

5 3 2
nomial — t— 3J — [ — 3 1 — [— 33 +91 [—3) of

has value —12.

- ~~~~~~~~~~~~~~~~~~~~~~~~~
— - — --

~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -.-— —‘—~~~~~~~~
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Theorem 5: For the base 3, let the digit set D be a complete

residue system modulo B~ , and let i £ Z, i ~ 0. Then either

(i) deg (i) = n and

(8) ~~n()~ B + Il~~~(i~ D B + • . .  + ll~ ~~~~~ 
+ ND’

or

(ii) there are minimal t,p such tha t ~p t(j) = , t+P (i )  ~ 0 ,

and with j = p~t(j)

1 
~i (B

P
~ 1) = 

~~
1(i)ll DB

~~ 
+ II 2

(i)
~~D

8
~~

2 
+ • . .  + ll~ 

1(i)II DB+ HID.

Proof; Lt-t i ~ Z, i ~ 0, so from (4)

i = -~ ( i )  B +

Appl ying the same formula to ~~(i )  yields

~ (i)  = ~
2 ( i)  B +

so that by substitution

i =  ~~ (i)~~~
2 

+ O~
(i)II D B + II~ D 

k - k+1 - k -and continuing with substitutions of ~ (i) = ~ ( i ) B+~J~ (i )
~~~D

l

(10) i = ~
fl+l (i ) B~~

1 
+ lI~ ’(i)~D Bt

~ + ... + O~~
i) IID B + II1IID for  any n ‘ 0.

Thus if deg(i) = n, = 0 and equation (8) for i is established .

-
~~ If deg(i) ~ n for any f in i te  n , then by Lemma 4 there exist minima l

t,p such that ~t(j) = .~t+P ( i)  ~ 0. Letting j = .~
t ( i )  , application

of (10) to j yields

= ~P(1) 8P + 11~~P l (~~) 
‘D B~~

1 
+ • . .  + II~~(j )  

‘D 
B + 

~~~~ 
‘

and since ~P (~~) = j ,  equation (9) follows . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~——- -.~~~ ~~~~~~~~~~~~~~~~~~~~~~~ --~~~~ .--~~~~ ——
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From TheoremS 1 and 5 and Lemmas 2 and 3 we obtain  the fo llowing .

~o~ollary 5.1: D is a basic digit set for the base 3 iff D is a

complete residue system modulo C I with 0 c D such that deg(i) is

finite for all non—zero i c 2, i.e. iff ~ is acyclic.

When sD cycles for  i wi th  period p, then (9) may be applied

to each term ~~ ( i )  , 0 -
~ k < p—i , of the cyc le , and the following

is obtained .

Corollary 5 . 2 :  For the base B,  let the digi t  set D be a complete

residue system modulo 3 1 .  Suppose -D cycles for  I ~ 2 , i ~
— with period p. Then

p-i p-i

(ii) - ~ = ~~ ~~~~~~ 
~~~~k=0 k=0

Fo r the base 
~ 

, note t hat i f D is a complete residue system modulo 31 with

k (B—i) ~
- D for k � 0, then 

~‘ cycles for — k w i t h  period 1, and D is

not a basic digit set for base 3. This yields a second fundamental

condition for the d ig i t  set D to be basic for base 3.

Theorem 6: Let D be a basic d ig i t  set for base 3. Then P

contains no digit of value k ( B - l )  for any k ~ 0.

For the digit set 0, base 8, and n 1 , let the n-place -l ioit sot

be given by

L 

(12) 0n 
~~ 

i=d 3’~~
1+d ~n—2 ÷ • 

,
~ C#d , d - c 0 far 0 n-I

n—i n—~ 1 0 ~ —

- —~=-—
- -- -- —------- — —— — —- i— -- —~--~~~~~~ - ——---.--—------

~---------~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~ 
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If I) is a ha~; ic digit set ta r b.t~,e b , t hen  by consider ing blocks or ii te r m

l en g t h  in a t . i d i~ p o l y n om i a l  1’ ~ Q1
[t ,D1 , it is  e v i d e n t  t h a t  1~n is a bas i c

d i g i t  set f o r  base f o r  e v e r y  n > 1. Then the  simp le necessary conditions

of Theorem I and Theorem 6 must  a p p l y  to every member ~~~~~ fo r  n > 1

of t h i s  f a m i l y  of bas ic  d i g it  set and base pairs. Our p r i n c i p a l  resul t  is t ha t

these c o n d i t i o n s  are also sufficient to v e r i f y that D is basic for ~~~.

Theorem 7 (Characterization Theorem for Basic Digit Sets): 
-

D is a basic digit set for base B iff D is a complete residue system modulo

I~ ! with 0 c 0 where the n—place digit set D~ given by (12) contains no non—

- nzero multiple of 8 — 1 for any n > 1.

Proof: If D is a basic digit set for base B , then is basic for base

for every n > 1 and the conditions follow from Theorem 1 and Theorem o.

Conversely , for the base p3 , suppose D is a comple te residue system modulo ~~

with 0 c D where D~ contains no non—zero multiple of B~—l for any n > 1.

Then by Theorem 5, ~ cannot cycle for any I ~ 0, and by Corollary 5.1 , D is

then basic for base B.

_ _  - -—,-~~~~~~~ - - — --~~-~~~~~~~---—-~~~~~~~~~~~~~~~~
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III. Complexity of Basic Digit Set Verificat ion and Radix Conversion

The theoretical characterization of basic - i i a it  sets - i iven  by Theorem 7 does

not y i e l d  an e f f i c i e n t  computationa l procedure for  comfi rminq  tha t a given

digit set P is basic for base 3. We now show that basic digit set yen-

f i cat ion  can be reduced to determining that does not ~-va Ic for  i for a

par t icular  small in terval  of values of i .

Lemma 6: For the base 3, let the dig it set 0 be a complete residue system

modulo 3~~. Let d - m i n t d l d  c D } and d max (dld c D}. Then -
~ can cycle

miii max

for i only for values of i in the interval

-d —d
(1)

I

( 13)

(ii) 
~~~~~~~~~~ ~~~~~~~~~~~ 

j f  
~ — I D I .

Proof: Consider the positive base case , B ~~D J .  For i ‘ _d

mj n
/ (

~~~
_ l ) i

i—d
- 

mm < i-1-(8.-1)i 
—

B B

and for i > _d
max

/(B_i)t

i—d —d — (B—l )d d
~ 

max > max max — max

‘ ‘ — B — (B—1)B B—i

Similarly I < _d
max

/(B_l) implies ~(i) ~ i , and I < _d
min

/(
~
_ l ) implies

•( i )  < _d
min

/ ( B _ l ) *  These inequal i t ies  imply that  $ can cycle fo r  I onl y if

_d
max

/(B_l) < i < ••~d 1~ / ( B~••l) for B — IDI , which verifies the positive base con-

dition (l3)(i) of the lemma.

Now consider the negative base case , B — — I D I . D is acyclic iff P is basic for

— 
~~~~~~~~ 

i i i  the 2—place  d ig i t  set D2 given by (12) is basic f o r  3
2 fo r  w h i c h

the positive base condition applies. Since min (dld f 02 ) d 3+d andmax mit-i

nlax(dld ~ D~~
) d

1 8+d , condition (ii) follows from condition (i) applied to

2t h e  di gi t set P for base B 

~~~~~~~~~~~~~~~~~~~~~~~ -- TEi~~ ~~~~
—.--

~~ 
— -- -~~~~~~~~~~~~ -
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Lemm a B ~~s sharp in that ii 8 L)~ and dmax 
k(B—l) and/or if d

1

then - cycles for _d
max

/(
~
_1) and/or 

~
drnjn/(~~

l)
~ 

respectively. For 3 — — l~ I~
it d — —d — —k(B+l), then • cycles for both —k and k, and if

niax mm

d 8
2_i , d — 0, then $ cycles for —B and —1.

max n u n -

From lemma 8 it is possible to construct an efficient procedure to determine if

D is basic for 8.

Corollary $.l: For the base B, let the digit set D be a complete residue system

inodulo 18 1 . Then D may be determined to be basic for B or not In at most

(max{dld c D} —min{d ld t D})/(IBI—i) applications of •.

Proof: Recursively select an unevaluated I in the interval specified by ( 13 ) (i )  for

8 — ID ! or (13)(ii) for 8 — — ID ! and evaluate •
k(j) It 1,2,..., until 4~

k(i)

yields zero, a repeat value •
k(1) — •

i (j )  for j < It determining a cycle, or a

value known to lead to zero. This procedure methodically either determines a cycle

or proves • to be acyclic by evaluating • at most at every non—zero value of
in the interval specified by (13)(i) or (l3)(ii). Since both Intervals have

(max (dld c D) —T n{dld £ D})/(I8l—1) non—zero integral values, the corollary is

obtained .

An appropriate structure for illustrating the computation of radix representation

and basic digit set verification Is a labeled directed graph. For a base B and

digit set D which is a complete residue system modulo F B I , the dI&itai digraph

is the directed graph with the integers as vertices where there is a directed edge

from i to $(i) with label $i~0 
for every i ~ 0.

Example 2:

a) For 3 3, D — {0 ,i ,—7)- , Figure la shows a portion of the dig ital

digraph . The members of the interval (13)(i) are noted , as are the members

- -  
-i__ 

-~~~~——  - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ -
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(13)(i) -
- (19 )

a)  8 — 3, D — (0,1,—i )

—3 2
—J \_~../ I \ .__J 1 I

I\fl J 123I ~ / ~r’
~Wi ~~U/ ~tW rut/F  ,-W~I ~~~~~~~
(-6~~ (- 5)  ( -4) f ( 4 )  ~~5))
‘—c 1

’-T ;r’ (
~~~~~ / ~ I ~~

23 0 1

(13)(i) —1 ,1

~ 4i. 

~~~~~~~~~~~~~~~ 

-10 -9

1 1 3 —2

43 
43

(18)

b) B — 5, D — (0,l,—23 ,43 ,—l J

FIgure 1: Portions of the digital digraph for a) 8 — 3, 0 — (0 ,1,— i ) , and

b) B — 5, D — (0,l,—23 ,43 , 1}, illustrating the important inter—

vale characterized by formulas (13)(i), (18) and 
(19).

- _.~~~
—
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ut the sub inte rval ( ~~~~ ) which is shown by Lentia 1 3 a: ~
- ~.ext Se ct  ion

to ~-o:it .i in  at  l ea s t  ci t e  member ut aity cvc le of . -
~~ act that .ul 1

v e r t i~~~cs  within the (13)(i) b~ u~ d are connected to vtr:cx 0 confirm~;

that I) is basic for 3.

b) For ~ 5 and U — {Q, l ,—23 ,~~3 ,— l } , Figure lb shoi.-s ~he portion of the

d igital digraph containing all vertices of the In ter- ~-a ! —l 0,—9 ,. . . , S

indicated by (13)(i). Note that the members —2 ,—i ,..., 5 indicated by

(18) intersect all cycles for ~~~.

The digital digraph has indegree 18 1 and outdegree unity for every non—zero

vertex i. The set of vertices at distance no greater than n from vertex 0

constitute the n-place digit set D~ as defined by (U). Thus D2 — (o ,l,-7 ,3,

4,—4 ,—2l ,—20,—28 } for n — (0,1,—i) as seen in Figure la. Finally, the radix

representatiun of i in positional notation is derived from the digita l digrap h

by concatenating the edge labels on the path from I to 0 in right to left order ,

e.g . 

2 

— 107700
3 

a 
~ 3

5_7 
~ 3~—7 32 from Figure la , and 2

~ o 
— ~~~~~~ —

1 x 5 —23 from rigure lb.

Radix conversion is the process of determining 
~ ~~~~~~~~~~~~~~~~ 

of value i

when such a P . exists. If the digit set P is a complete residue system

modulo 1 8 1 , it is sufficient by Theorem 5 to apply 1’ recur~~ively deg (~~)

+ 1 times to determine P . c •1
(3,DJ . The following bound on deg(i) in

terms of B and D applies to all finite deg (i), and thus implicitly bounds

the complexity of determining if P . exists.

Lemma 9: For the base 8, let the dig it set P be a complete residue system

modulo J 3 J .  If  i ~ 0 and d e g( i )  is f i n i t e , then wi th  ~ — max{ !dII d e

( 14) ~~~~~~~~~~~~~ 
— 

~~~~~~~~~~~~~ 

— 1 < d e g ( i )  < _____ + ~~
- - -

~~
-
~

-- + 1.
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Proo f: For 1 ~ 0 with 81
m 1 

< il < 1 8 1
m
, recursive application of

(4) yields

+ 1~
m l (.) /1 81

( 15) ~~~(1 8 l
l 

+ I B r ~ + ... + 8 1 m ) +

~.~~/ (l8l —1 ) + 1.

It follows from (4) that I- ~(i I’- j—l whenever Iii ~/( I3 I— l ) , and

k~~~~~~~ ~ ~/(l 8I— l ) whenever l i !~. ~/ ( I 8 I — I ) , so then ~k(.) 
~ ~

,‘(I 8I—l )

for all k m + 1. Thus the sequence ‘p
1 ( i ) ,  ~

2 (i )  ...~~

must either reach zero or a repeat value for k < m  + 1 + 2
~/(j 3l— l ) ,

so assuming deg(i) is f i n it e ,

- log i 2~i
deg(i) 

~~- log B + 
1 8 1 — 1 + 1.

For i
~ 

< ~i , (14) holds, so assume il ~ and choose n maximum so

that
- n—I n—2I i i ~ (181 + 1 8 1  + ... + 1).

Then from (4),

l~(i) I ~ (1 81 n 2  
+ + ... + 1),

> ~\.

Hence deg (~~~
1
(i)) > 1, so deg(i) — t i .  Furthermore since

it follows that n + 1 > (loq~~i~_log~ )/loqlB~,completing the lemma.

Corollary 9:1: For the base ~3, let D be a digit set which is a complete

residue system modulo S j ,  and let i ~ Z, i ~ 0. Then after at most

~loq~i~/logI8j + 2~ /(181—1) 2 J iterative applications of ~ to i

either the unique P . cV 1
(8,D1 of value i is determined or the non-existance

of any P ~ V~ [8,D) of value i is confirmed .

Proof: The result is immediate from Theorem 5 and Lemma ~~~.

Thus the determination of the particular radix polynomial for representinq

can be accomplished with complexity 0(.14f + where \ = m ax t l d i d

-- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



LV . C lasses of ihus ic t sit St s

There are no b a s i c  d i g i t  set s  f or  8 2 . 1) — (0 ,1) and U — (0 ,— 1 }

are the only basic digit sets for B — —2. A d i g it  set L) is termed norma l

for base B if max( Id~ Id c D} ~ 81-i. The n or m a l  basic di git sets are

r e a d i l y  c h ar a ct e r i : ed .

Lemma 10: For the base 8, let the norma l di gi t set U be a complete residue

system niodulo ~l .  Then D is basic for B (ft

( I)  ( — l , 1} CD  f o r  B — IDI

(16)
(ii) —1 c D or 1 c D (or both) ta r B — I D I

Proof: For any normal d igit set U for base B , it is sufficient by Lemma

~ simply to verif y that there exist P~ G’~IB ,D] of value I for I — — 1 ,0,1.

For B — DI , Theorem 6 requires 8—1 ~ D , —8+1 ~ D, so cond ition (I) is

necessary and suffic ient. For B — —I a !  , note that if neither —1 nor 1 were

in D, then ~ (—l) 
— 1, ~D(l) — — 1 , and ~ cylces for —1 and 1. If either

—l r D , 1 £ D , or (—l ,l)C D , then ~ does not cycle for either —1 or 1,

verifying (ii).

If the digit set D is normal for base 3, then there are only two possible d igit

values for each non—zero residue in choosing U to be a complete residue

system modulo 1 8 1 , and the following is immediate.

Corollary 10.1: For 8! 3 , there are 2H’I~ normal basic d i g i t  sets far  the

positive base 3 3, and 3 * 2 1 8 1— 3 normal basic digit sets for the negative

base 3 — 3 .

Resul ts o f do B r u i j n  on binary based “good pairs” in [11 effectively establ ish

that there are infinite classes of basic Ji~iit sets for base 4 when the l i~~it

values are allowed to be larcer than the base. The followini theorem charactert:es

an infinite class of basic di~iit sets for any base B ~~. 3.

— - - 
- 

- - 

- 

~~~~~~~~nm~:2 c  - - 
r
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Theor~~ Ii: For any :i 1., 8 > 3 , the - t ~~~~~~i 
- set

ti” 8 , fl) — 0, 1 , 2 , . . . , 8— 3 , S —2 , —8 ’~+S — I)

i,s basic t~~r base 8.

Proof: Every posttive integer i ‘
~ -1 is the value of a standard base S

r~dxx polynom i.il

p a d + d ~81 m-L~~ . .+d (8~ ~ dI ni in-I 1 a

where 0 ~- d . 8-1 for  0 ‘- j < m , and deg(P .) ni ~- n-l. Replacing each

term d
k
[8J

k 
above for which d

k 
a 8-1 by ~ ~ 131

k+n 
* (—3 ~ ÷8-l) * L B J k

,

we derive a radix polynom ial ~~* having all  diqi t  values in D ( S , n)  where

deg (P*) ~ m * n .~n-1 and P* also has value r for all 1. — 1.

From t~mma ~ it follows that D(S.n) is bas ic for 8 for any 3 3 and

any

For any negative base 8 — 3 and standard d i~~~t set jO ,l 

it is readily verified that there is a standard neqattve base radix polynomial

P . c ~~(B~ Di~~j
l of value i w i t h  d e q i P ~~ 2k - i  whenever -2!~~~~~~~~i~ 2 1 ,~~~~~

for k 1. Letting D~ ~~~~~~~~~~~~~~~~~~~~~~ 
(_ ~ 4~

_k_ 1 $!_ p~~, then for

any ~ _ 2 1 3 1
2k—1 

~ 2 1 8 1
2k—2 

proceeding as in the rroof of Theorem 11

a radix polynomial P~ t ~~[$ ,D*~ of value i is then shown to exist , which

by T~mma B . proves the following .

Theorem l2~ For any 8 -~~~ , k 1, the diqtt set

(0,1 ,2 ,..., 1 8 1 - 3 . 18 1- 2 , (_ 1$12k ~~1 8 1 _ 1~

io basic for base 8. 

.-
~~ ~~~~~

-- 
--~~~~~~~ --~~~~~~~
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the base 8 and -liait set U , tse i nt e r va l  s p e c if i e d  by ( 13)  must con ta in

a l l in teger s fa r which  ~ i s  cyc l i c .  If o contains no non— zero mul t ip les  at

~ -L , then any cycle for  ~ mus t  have period at least two . This  observation

may be exploited to yield a subinterval which must contain at least one element

t ar  which  ~ cycles whenever ~ is cyclic .

Lemma 13: Let the digit set U be a complete residue system modulo 8 a D l >  ~

without non—zero multiples of 3 -~~~~. Let t
1 

-= max~ djd c D}, t m ax idld ~ D ,dxt ,},

and .d a m in 1d ld ~ ~~~h Then D is basic for  B i t t  there exists  P , ~J

at value j  for a l l

t t d .
1 2 - mm

19) — ( * -
~
—— ) - — —

~
—- --

~~3—l) 
— —

Proo f: Suppose ~ cycles for w i t h  period p. From Theorem 5 ,

_ 1 (3P_1) 
I~~~~~~~~

’

~~~~~~
)I

D
3
P ’  

+ j~~
P 1)~~~~P~~ * . . .  ~8+ ~~~~~~

If ~~~~~~ t
1 

fo r 0 -z k < p — l .  then — i 1 B ~ — l )  = t 1~~$’~- l ) / ( S — l )  and t
1

is a non—zero mu l t i p l e  of 5-i , a contradict ion.  Hence p ~ 2 and

< t 2 for some k .  Then ~ cycles for j = ~~~~~~~ and

— ( 3  —1 ) < t )$ + t
1

$ + S * ,.. + L)

+ ~t,-e~~ ( 8~~~~-l) ‘(8-1)
so then 

— - -

t , t
1
—t~ t l 

t~
— ]  < + 

8 (8—1 ) 8(8— 1) 
+

and by Lemm a 8 , the proo f is complete.

In l ike manner one obtains the result  of Lemma 13 wi th  the interval  specif ied

by ( 18) rep laced by

( 19) -j~ ~ 
— 

~B ( B — i) +

where s
~ 

and s~ are the smallest and second smallest elements of D,

respectively, and J = t n a x t d J d  t U).

L ~~~~~~~ - -
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The determination that U is basic for S ‘ 3 can be accomplished by showmnq

that  there exists P .  9 [5.D~ of value i for al. i in the interval
1 1

specified by (18) or (19). Lemma 13 is of greatest assistance when the interval

specified by (18) or ( 19) is a subset of U and U contains no non—zero

mul t ip le  of 8-1 , fo r then D is immediately confirmed to be basic tar

S

Example 3:

For base 7, the digit set D = ~0,l,zL5.,—l3 ,-.,-l) is a complete

residue system modulo 7. Lemma S would require computing

~ for (—3 ,-7 ,—6,—5 ,—4 ,—3 ,— 2 ,—l, 0,l~ to determine that U

is basic for .. By Lemma 13 , (18) yields {—2 ,— 1 ,0,1} CD , and

since U has no non—zero multiple of 6, U is basic for 7 .

Lemma 13 may be utilized to derive numerous classes of basic diciit sets.

The following corollary is stated without proof to indicate the nature at

the construction. A proof can be fashioned similar to the methodology at

the proof of Theorem 11.

Corollary 13.1: Let U be a basic digit set for base S -~ w i t h

= m ix{ idj~~d D}, where j c D for all j such that i l -z 1 + ~ /(8—1).

For a fixed d’ D, d’ � 0, d’ Z -l mod (B—1), and any k -‘ 3, let S
k

be the digit set formed from U by replacing d’ with d’ + Then

is basic for  8 for all k ~ 3.

Example 4:

Let U = (0,l ,2 ,3,l4,25 ,26,—3 ,—2 ,—1} and B = 10. Then 1 + \ tS— 1)

a 1 + 26 ( 10—1 ) = 3 . So from Corollary 13.1 ,

is basic for base 10 for an~- k 3.
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An i n t c r c s t i n ~ ~~~~~ o x . l i g i t  s e ts  t c L  base 3 are tl IosL - ai ~~~~~

U
k 

— (o .1,—~k-~ }. From ( 1 9 )  it  is ob se rved  t h a t  U k is basic t a t - b as e

3 i t t  ther e exists P. ~ J~~[s ,D1 a t value i icr 0 ~ I k. Table

I shows th ose ~~~. vhich are basic and those ~ that are cycl ic tor

U k - 1-~ • and no c l e a r l y  identifiable pattern for basic in

terms of k is o b s e r v a b l e .  Note  t ha t  k — 0 ,1 ,4, and 13 yield

which are bastc for 3 by theorem 11.

Basic for 3 Cyc le for • 1
O~~~~~~ {0 ,1 ,-1 Yes 

________________________________

...L.j (0 ,1,— 7 ) Y es 
________________________________

2 {0,1,— 13) ~o 2 ) 5 ~~~f ~~~2
3 (0 ,1 ,—19) No 4 2 ~~~7 ~~~2
4 (0,1~ —25} Yes 

________________________________

5 (0 ,1,—31} Yes 
________________________________

6 (0,1,—37} 
- 

Yes

7 (0 , 1 , -4 3)  No 5 —~~16 —~~5
8 (0 • 1 ,-49) ~ o 2 —

~~~ 17 —~~~ 22 ~~~ 7 —~~ 2

9 (0 ,1,-55) No 2 ~~~ 19 ~~~6 ~~~~ 
. , -

10 (0,1,—6 1) No 2 ~ 21 ~~~7 ~ 2
U (0,1,-67) N o 8 ~ 25 ~ 8
12 {0

,1 ,— 7 3 }  Yes 
________________________________

13 - {0 ,l ,-79} Yes ________________________________

(0 ,1 ,— 85) 
— 

Yes 
________________________________

Table 1: Digit sets 0k (0 ,1,—6k —1 } for k = 0,1,2,...,14 , showing those

0k that are basic for 3 and a cycle for • when is not basic.
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V . ~~~~~~ z .- e~~- e. .,
~~~t 1on uf the !~ej1s

F u r  t he  ~~~~ an ~ d i g i t  set 0 , a f in i te p reci~~i~~n 8 r ~ d ix  po~ vnc c1 ~~l

ever U ~s ci ther the cera polynum lal or aim e~~teri~ c0 pu vtic mia I e xp r e s s  - - a  c~ er z

in the constant 8 ,

(:d) P( ~B } )  = dm [ 5 } m 
+ dm l [81

m 
+ ... + d~~~ [8 ) !

w h e r e  d r D~~.Z f o r  —
~~ 

< ~ < j < m < 
~~~, and d ~ 0, d ~ 0. The radix— — _ _ _ _ _

represent ation system ~~( B I DJ is the set of all such finite p r e c i s i on  base B

radix polynomials over D. An infinite precision base S radix pcivnomla I o v er

D is given by the extended polynomial expression

(21) P([Bj) d [BJ m 
+ dm [81m— l + ... + d0 + d_ 1 [6J~~ +

where d
1 ~ 

D~~ Z for I < m , and d 1 ~
L Q  for m and infinitely many

indices I < mu. The i n f i n i t e  precision radix r ep resen ta t ion  system ~‘t 8 ,D1 is the

set of all finite and Infinite precision radix polynomials over D. From (2), (20),

-

‘ and (21).

6’
1
(8,D) C~~ (8, D] c P [ ~ ,D] .

For P r ~~ (3 ,D ] ,  P + 0 , deg(P) shall denote the max imum i ndex m such that

dm ~ 0 , w i t h  deg(0) — —~~~.

For any integer b ~ 2 • the b—ary numbers, Ab~ 
are given by

(22) Ab 
a (lb s I i ,j c Z)

Thus a b-ary number is an integer scaled up or down by a power of b • For any

b > 2 , note that Ab is a set of rationals that is dense in the reals.

t 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -



rr ~~~~~~T ’ ~~~~~~~~~~~~~~~~~~~~~~~~ 
—
~ 

- --fl----- -
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- ---

—23-.

Lemma 14: Let 0 be a bas ic  d igit set for base B . For ar m y t c A 16 1 
there

is a unique P ~ O’(s, Dl of value t. Furthermore , for t ~ 0 th is  P , ~d 1th L~=mnaxOd~ d ~ 0) ,
has log !t 2 a

deg (P) ~ + + 1 .— log~ s~ 6 1 — 1

I Proof: Given t=ij3 ’~ 
c A

16 
, there is an integer radix uol ynomial Q c~’1 (B ,D]

of value i since 0 is basic for 8. Then Q c(8]~ = P c 6’[8,D] is a

finite precision radix pclynomial of value ~ , and utilizin g Lemma 9 and

TheOrem 5 for t + 0, noting 1D 1 = 16 1.

deg(P) = deg (Q) + J log~i~ + 
2 a + 1 + = 

log ltt 
+ 

2 a 
+ 1

- log~6~ IB~—1 log B~ I 8I—1

To show uniqueness let P ,P’ r ~~~ [6 ,D] both have value t — I6~~. For s u f f i c i e n t l y

large k, Q a P x ~81
k 

~~~~ 
— F

’ x [8]
k are both members of ~P1

[B ,D) of value

c Z. h ence Q Q’ , so P F’ .

Any finite precision radix pol ynomial P £ ‘P ( B ,D] clearly has a value in

A
16, , 

so the finite precision radix polynomial s ~[B,D] provide a unique

representation system for the I8~-ary numbers when 0 is basic for B

Corollary 14.1: Let 0 be a basic digit set for base B • Then the evaluation

mapping on P(6,D] is a one-to-one correspondence of Pt8,D] with A
161

For t I x3’~ c A3 , t/3 ~ x3
J
~~ c A3 and there exists P c ~(3,{—1 ,0,1}] of

value t/3 • Substituting the digits 3 and —3 for dig its 1 and -1 , respectivly,

in P , a finite precision radix polynomial P’ is derived where

Lust - - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~ . a~~~—~ - - -~ - .ag_ ’ - ::2~ . ~~~~~
__ 

— rj ~~ _.a~~~. _ ;~~~~~~
-. .- Y - ---—. -~-~~- 1111111111 1



_ _ _ _  -~ 

- 

~
--

~ 
- -

~~~~ ~~~‘LV 
~~~~~~~~~~~~~~~~~~

4

~ P [3 ,I-3 ,o ,3 : 1  ~nc P’ h~~ va lue t I - .3~ e A 3 . Thus non-basic di git

sets can y ield uni que representation systems for A 1 . . W ith the restiction that

D contain no non-ze ro multip le of D~ , a su itab le converse to corollary 14.1

is obtained .

Lenwima 15: Let the dig it set 0 contain no non-zero multiples of the base ~

and suppose the evaluat ion mapping on P18,01 is a one-to-one correspondence

of P[B,D] with A
1 6 1 

. Then 0 is basic for B

Proof: If P c ~~~~~ , then P must have an integra l value. Alternat lvly

if P’ ~P(B,D1 
_
~~~

(B,0] then P. ~~[8]m + • • •  + d1(B)
t where t ~ —1

and d1 ~ 0 . Hence the value of P’ is i8~ where i ~ 0 mod~B~ , so P’ has

a non-integral value. Thus the ev aluation mapping restricted to P1[8,D] must

give a one—to-one correspondence of P118.D) with the Integers Z • so by defi—

nition 0 is basic for B .

The finite precision radix representation systems are of considerable importance

for application in arithmetic computer architecture. The arithmetic

structure of P16,0) has been extensivly investigated in ( 4 ]. Our remaining

interest in this paper is the correspondence between the Infinite precision ra-

dix representation system G’,_ (B ,D] and the reals when 0 is basic for B . It

is first shown that P,,(B ,D] is complete for the reals.

Theorem 16: Let D be a basic digit set for base B . Then the evaluation mapping

on P 16 ,0) is onto the reals.

~~~~~~~~~~~~ -
- _~~~~~~~~~~~ ~~~~~~~~~~~~~
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Proof: it - rust  be shown that any re~ 1 ~u~rber x is the value of some

P t P [:.D] when 0 is bas ic for ~~~. For x r A , the result follows from

n-s-i
tenina 11, so let x ~ A 1~~1 . For som e n • ~x (.: 1 6 1 , and since A~81

is dense in the reals there exist t 1 
) t 2 > •. .  ‘ x , where t ,~ r A

1 6 1 
and

< < for 1>1 and Jin t 1 = x . By Lemma 14 there exists

P.~ c P[B,D]CP IB ,D] of value t
~ 

where

(23) deg(P~) ~ 
logltij 

+ 
2 ~ + 1 < ,~ + 

2 a 
+ 2 for any i ~ 1

log~BI 6 1—1 1 6 1—i

Thu s deg(P 1 ) Is bounded for i ~ 1 , so le t m = max (deg (P1fli ~ 1)

Consider the coefficients of [61
m in P1,P2 Choose Pm

*= dm ~61
m so

that dm
’ agrees with an inf inite subsequence of the P1 in term m . Recursivly

~or .1 = m-1 ,m-2,... , let P~s-
’
~ = dm [B]m + dm:l1B~

m_l 
+ •.. + ~~~~~~ agree with

an infin ite subsequence (P 1.) of the P~ in terms 2 + 1 through m and

choose P~
’= P~s-

’ 
+ so that d1

* agrees with an infinite subsequence

of the ~P1 1 ) in term I . For any fix ed I ~ , P~ agrees with an infinite

subsequence of the P1 in all the leac5ingterm~from J to m , hence the

value of P~
’ differs from the limitin g value , x , of this infinite subsequence

of the 
~ 

by no more than

+ la l  
— 

+ 
~~~~~~~ 

= - I

1 6 1 —1

where a m ax (Id t ld c 0)

Defining P
4 

= u r n  P = dm
*[Bl

m 
+ d~~j [6J

m I 
+ •~~• ~ P (8,D]

it follows that P~ differs in value from P1~ by at most a!B!
9/ (161-1 ) , so

the value of P~ differs from x by no more than lim 2aja~
1/(~5j-1 ) 0 , that

* 
1-Ic.

is , P has value x • Thus the evaluation mapping on P L6,D1 is onto the reals.

~~1~~~~ - .~
— - - - -  _ _ _
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. P ( ~~D1 or va lue x ~ A~~1 
as constructe d in the proof of theorem 16 has

sc,-re non—zero di g it , so deg (P4) has sane finite value , and

deg(P ) in nmax (deg (P 1 )~ i ~ 1). From (:3) and the fact that l6V ~ (t 11 ~

for I ~ 1 , along w ith Lemm a 14 , the following is established.

Coro l la ry  16 .1: Let 0 be a basic digit set for base 8. For any real x

the re is some P ~ P 16,01 of value x for which

deg (P) < 
log l_4 

+ 
2 a 

+ ~
log~B! 1 6 1 —1

In standard decimal positional notation note that 1.0 .9999... , and in balanced

ternary , where 0 (-1 ,0,1) is basic for base 3,

— • o. -
-

1 + E 1 d [31 ~ ~ E 1 ~[31 
‘~ distinct radix polynomials ,

jal j=1

- i  
(2k)

1 + z -1 a3~~ t 1 3~~ a 112 equal rea l values.
j al j=1

Equation (:..) demonstrates that P (a,D] can yield redundant representations of

the same real number even though 0 is basic for B . It Is now shown that

P,Is ,D] is always redundant when 0 Is basic for e . Note that the redundant

expressions just exhibited in standard decima l and balanced ternary both involve a

trailing infinite sequence of digits that are congruent m~1ulo lB—I L . This ob-

servatlon leads to the following.

~~~~~~~~~~~~~~~~~~~~~~~~~~~ _~~~~~~~~~:::.
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L emm a 17: Let 0 te a basic digit set for base . Let d j n~odl~ — lj - 

-

j :mod L~— i~ for d ,d’ ~ 0 , d 
~ 

d ’ , 0 ~ 
j 
~IB~— i . Then for any i ,n 2 ,

the real num ber

nx~~~i~ - s - (  ) a
8—1

has redundant representations in ~~~~~ ].

Proof: Let x = i~~ ÷(
_J__)6

n ,~nd d = k (3—1) + j ~ 0. D is basic for ~~~,

8 1
so let P c P1[6,0] have value i—k • and let

Q = P + d [B]~~ + d[B] 2 
+ ... £

So Q has the value

(i-k) +— ~ -- = I
8—i 8—i

Hence ~ =161
n c P,[a ,D] has value x . Similarl y for d’ = k’( B—i) + j €

let P. 
~ P1[a,D) have value i—k’ , and let Q ’ = P’ + d ’EB ] 1+d’EB ] 2+...cP_ [6,D].

Then Q ’ ~ (8]° ~ P,(B,D] also has value x . Thus x is the value of at least

two distinct radix polynomials of P0,[e ,D] .

Theorem 18: Let 0 be a basic digit set for the base B . Then the evaluation

mapping on P_ (6 ,D] is not one-to—one into the reals , i.e. P 16 ,0] is redundant.

Proof: Let 0 be basic for B with a ~ 3 • Then D contains B distinct

integer*at least two of which must be congruent modu lo B-i . So by Lemmnal7,

P[B ,D] is not one-to—one into the reals.

For U basic for B wi th B ~ —3 , 02 
must be basic for 62 ~ 9 . By the

— - 
- 
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prev ious ar~ j ,’~ent ~~~~~~~ I is not one—to—one into the reals , so then

can not be one—to—one into the reals. I

Exam p l e s . a) The digit set 0 - (0 , 1 ,9 , 52 ,— 10 ,— 2 ,— 1 } was shown in Examp le 3

to be basic for base 7 . Note that 52 4mod 6, —2 4inod 6 , and

~ 52 x 7~ 
52 8 2/

i=1 6

9~~~~7
O + (-2) ’. 7~ = 9 1  = 8 2/3 I

1*1 6

so at least two distinct members of P_ [7,{O ,1,9,52,—10 ,—2 ,—1 }] have the

c~ inon value 8 2/3

b) The negative decimal system has the digit set 010 (0,1,2,3,4,5,6,7,8,9)

which is basic for base -10 . Note that no two digit values of 010 are congruent

modulo~-10-i~ a 
• However the distinct di git values Ox (_ iO )1 + 9*(-1O)~ = 9

and 9x (_10) 1 + 0>c (_1O)0 = -90 of D10
2 are both congruent to 9

modu lo~(-10)
2—i~ a 99 • Utilizing positional notation and base —10

(.O9O9O9...)~~ 
a 91(100—1) a 1/11.

(l.9O9O9O...)~~~
a 1—901(100—1) a 1/11

so at least two members of G’.,(—1O ,Dio3 have value 1/11

c) In certain cases it is possible for at least three members of P_(~,D] to

have the same vaiue. Let 0 a (0,1,7,23,-i) and B a 5~ Now (O ,—1}~~D,

and since -1 ’5 + 23 = -2 , D Is basic for base 5 by Lemma 13. Note that

-1 7 23 mod 4 , and utilizing positional notation to base 5, treating (23) as

a sing le digit of value 23

_______________ - - - - - - 
~~~~~~~~~~~~~~~~~~~~ 
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(11.i~ . . .)
~~ ~- i/ ~5-1)  ~~~

(11.777 ...)
~ 

= 4+7,45— 1) =

(U.(23)(~3)(~Y~).. .‘, 23/~i-1) 53/4

Th us 53/4 
has at least three representations in P[5 ,:O,1 ,7,23,-i}1

d~ Tne previous examples and Le~rs11a 17 all illustrate r~~undant representation s

for particular rational numbers , however , i rrational numbers can also have

redundant representations. Let 0 = (0,1 ,7,23,—i ) and s 5 as in example 5 (c).

Let

— ~~ 1 1 1 1y = z (25) a — + — + — + — +
n=O 25 25~ 25~ 258

and z = 114/24+24y , an d no te that  y an d z are both Irrational numbers.

Utilizing positional notation to base 5 ,

114 138 138 114 138 114 114 114 138 114z — + 24y = —s-. + + 
~

••••

~~

+ 

~
•
~j  

+ .

~~~~~~~ 

+ + + —i + —p. 
~~

. .•

~~~~~~~
— 

~~~~~~~~~ 

-
- 

- .
- 

~~~~~~~~~ 
I

-

= 
(0

. (23)( 2 3 )(23) (23)(23)( 1)( 23 )( 23)(23)( i ) (2 3) ( 1) (23)( i ) ~~~~3)(23)( 2 3)( 1)  ...)

and

2 a 4 + + 24y = 4 + + + + + .i~ + .i~ + !~ +.i~ +
24 2S 252 ~~ 25~ 25~ 256 25~ 25~ 

2c9
~~~

z = (11. 77 77 1(23) 77 1(23) 1(23) 1(23) 77 1(23)...)5 .

Thus the irrational z has at least two representations in P_(5,(0,l,7,23 ,-11 ). 
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Example ~ (d) is ind i cat ive of a general construction procedure. If

y~,, = ~ ci.~/25~ where ~ (
~ 1~~2 ’~ 

..) is any non periodic sequence of U’s and
1=1

l’ s , then ~ 11 4/24 + 24y
~, 

is an irrational that is the value of at least

two members of ff’,,(S ,~0,1,7,23 ,-1 )] . Since there is an uncountab le number of

such sequences ~ , this constructiv ly confirm s the following .

Lemm a 19: There exist 0,8 where 0 is a basic di git set for base a and

where there is an uncountable set of real numbers having redundant representations

in 0’lB,D]

In Example 5 (c) the fact that three members of (0,1,7,23,-fl were congruent

modu l o  4 allowed the construction of three distinct members of Q (5,(0,1,7,23,-1)J

having the sane real value. If the digit set D is basic for base 8 lO t and

if D has n values that are in the same equivalence class niodulo (~—I), then ~

similar construction would exhibit n distinct radix polynomials of 6’ (B,D]

having the same real value.

Now assume x is the value of at least 2+~2a/(tBI—1)J members of fP [8,D] for

some di git set 0 which is basic for base B where a max (~d~d cO 1 . For

sufficiently large j £ Z , xB~ will then be the value of at least 2+L2a/(lB1 — 1)j

members P c G~ (B,D] where for P a + P~ • with

P1 
= 
~~(83~ + ... — d

1
(~~ ] + d

0 ,

a d 1(~)~~ + d_2(B]
2 

+ • • •

the radix integer portion P1 of these 2+12a/([6(—1)J or more radix polynomials w il l

be distinct. Since 0 is basic for ~ , these radix Integer portions P1 have

distinct integral values , so some two radix polynomials P’,P” c P E B,D] will have

_ _ 
~~~~~~— -~~~

--- - - - - -  - -
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radix inte ger portions P~ and Pj ~hose values di ffer by at least 1+[2.t/(!et—1)j even

thouoh P’ and P” have the cocimon -~a lue ~ . But the radix fraction portions

P. an d P~.
’ each have values bounded in absolute value by

+ t a I
2 

+ •~~•) 
= -

a contradiction to P~ = + P~ an d P” = P~ + P~ having the same real value

proving the following.

Lemma 20: Let 0 be a basic di git set for base B . Then any real number x

is the value of at most1 2a +1 radix polynomials of P,,[8,D3 .

In view of the extensive redundancy in P 18,0] indicated by L~mias17 and 19,

it is of interest to characterize sets of real numbers for which P,,(~,D] yields

unique representations when 0 is bas ic for base B . Importantly, f t  follows

from ~emma 20 that the value zero is sti ll uniquely represented by the zero poly-

nomial .

Corollary 20.1: Let 0 be a basic dig it set for base 8 . Then the onl y member

of P [8,D] of value zero is the zero polynomial .

Proof: If zero were the value of som e radix polynomial P c P16 ,0] with

deg(P) rn , then Px (8]~ would be a distinct radix polynomial of value zero

for each j € Z, contradicting Lemma 20. So the zero polynomial is the only radix

polynomial of value zero.

The uniqueness of the representation of zero will now be used to show that any

I 8J-ary number has a unique representation in P,,(8,D] when 0 is basic for

base ~ • ~.io~e that th i s  does not con t r ad i c t  the redundancy of the $—ary 

~*_, _ —_
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;~u~~b~~rs ~ur ~ ~ in -
~‘ ( :  ~~~~~ ,. . . ,;- 1~~I , ~in~~ ~O ,1 ,2 ,. . . ,r — i l is not basic

for 6.

Corol la ry  20 .2: Let 1) te a basi c di g it set for base a . Then al l members of

have unique representation s in ~~~[3 ,DJ

Proof: Since the members of ~ 1 8,01 by evaluation are in one-to—one correspon-

dence with A
1~~1 , it is onl y necessary to show that an infinit e precision radix

polynomial P £ P,,[a ,D) —6 ~~[~~~~,
D] must have a value x ~ A 181 

. Suppose on the

contrary that P cO’ (B,D]-Q (B,O] has value ia’~ c A 181 . With Q a P~~1al
3

let

Q1 = ~f,~[8] m dm_ i [ B )
m_ l 

+ ... + d0 £

a d _~ [a]
1 

+ d 2[B]
2 

+ ... c

where + = Q a P~~[8]
3 

£ a,01-P (a,0] , and Q has value i ~ Z since

P has value ~~ . Now c P
~
[8,D] has an integral value , so then must

also have an integra l value , say k c Z . t’low c P
~
(8,D] of value —k exists

since 0 is basic for base a , so then

R a + £ P_(B,D34(B,D]

has value — k + k a 0 , in contradiction to corollary 20.1. Hence Pc~~ (B,D]-P18,D3

must have va l ue x 
~ 

A
161 

.

In summary , when 0 is a basic digit set for base B

(a) the Integer radix representation system P1(B,D]. Is complete and

non—redundant for the integers 2 , 

- _
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(b) the f ini te precision radix representation system P(a,D] is complete and

non-redundant for the I~~ -ary nunbers A
,81 

= ( i l8~~Ii
,j g Z} ,

(c) the in finite precision radix representaion system [6,D] is complete

for the reals and redundant for a set S of reals disjoint from

where S i s at least countable and in some cases uncountabl e , and where

each member of S may be the value of strictly more than two but never

more than [2 max (td !(d £ 0}/ (lBt-1)j+1 members of 6’ (B,D).
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